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tions using a similar edge. However, in his experiments, the edge
was formed by a 1:5 ellipse instead of the one-quarter circle em-
ployed in the present investigation. Concerning the case of a nose-
shape impingement corner geometry, the preferred event corre-
sponds to "complete escape" of the approaching shear-layer vor-
tex, as shown in the sequence of Figs. 2g and 2h. Moreover, the
roll-up of the shear-layer vortical structures is generally incipient,
implying that the arising vortices rarely achieve the maturity evi-
denced by those observed for the remaining geometries, hence fa-
cilitating a "complete escape."

The profiles of Reynolds normal and shear stresses are pre-
sented in Fig. 3, at different longitudinal stations in the cavity re-
gion. The time-averaged fluctuating flow characteristics are a re-
sult of random and periodic contributions that have not been
decomposed in the present work. The development of the normal
and shear stresses reveals a qualitatively similar distribution in the
separated shear-layer region over the cavities, due to similar veloc-
ity fields and, hence, rates of strain. The magnitude of normal
stresses increases very rapidly in the first cavity half. However, the
variance of vertical fluctuating velocities displays much smaller
peak values for the nose-shape edge geometry than for the remain-
ing geometries. The results evince that the nose-shape geometry
yields an effective reduction of the vertical oscillations amplitude.
Based on flow visualization and time-averaged velocity character-
istics, one can associate the ocurrence of vortex escape to a de-
crease in the maximum values of fluctuating velocities, while both
partial and complete clipping contribute to the reinforcement of
the vertical velocity fluctuations. Large differences in the time-av-
eraged fluctuating velocity characteristics were measured inside
the cavity mainly as a result of the different time-averaged flow
structure.

Conclusions
Flow visualization and laser Doppler measurements have pro-

vided detailed information about the effect of the impingement
edge geometry on both instantaneous and time-averaged character-
istics of a cavity flow displaying organized oscillations. The use of
three different downstream cavity edge geometries (sharp, nose-
shape, and round) did not alter the corresponding Strouhal number
value, St = 1.1, despite the fact that the recirculating flowfield in-
side the cavity was markedly influenced by the downstream corner
geometrical detail. Attenuation of the fluctuation peak magnitudes
was presented for the nose-shape impingement edge. The flow vi-
sualization bears that this attenuation is a direct consequence of the
most frequent escape of the separated shear-layer vortices ap-
proaching the impingement edge.
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I. Introduction

ALTHOUGH turbulent separated flow has been the subject of
many studies in the past few years, little of the reported

research addressed high speed, as it related to the processes of sep-
aration, shear layer development, reattachment, and interaction of
shock wave/separation. Predicting compressible turbulent separa-
tion is challenging both numerically and physically because the
application of higher order turbulent closures requires solving
highly coupled and nonlinear transport equations. Most studies use
the algebraic turbulence models to eliminate the complexity of
numerical and physical modeling. Recently, several investigations
have incorporated a &-e two-equation turbulence model when solv-
ing for transonic flows over bumps,1'2 where the results showed an
underestimation of shock-wave/boundary-layer interaction and a
mismatch in the measured and computed shock location. An alge-
braic stress model (ASM) has also been successfully implemented
and improves the predictions for the same problems.2 Extensive
experience in the incompressible environment suggests that sec-
ond moment closure turbulence models are necessary for a satis-
factory prediction of recirculating, curved flows.3 Use of the sec-
ond moment closure model sharply increases the difficulty in
numerical stability arising from the stiff problem near the wall.
Therefore, the solution algorithm is important in achieving conver-
gence with high accuracy.

The objective of the present study was to examine the perfor-
mance of Chien's low Reynolds number &-e turbulence model,4
ASM/fc-e two-layer model,2 and Shima's near-wall Reynolds stress
model5 for predicting the transonic shock-induced separated flow-
fields over bump. Chien's &-e model was chosen because of its
simplicity, easy implementation, and stability when applied to
complex flows. The inclusion of the high anisotropic effect of the
turbulent stresses in the immediate vicinity of wall and the easy
assessment of the empirical constants for the pressure-strain term
are the reasons for choosing Shima's Reynolds stress model for
this study.

II. Physical and Mathematical Models
The governing equations used to describe the mean flow for this

study are the time-dependent, mass-averaged, compressible
Navier-Stokes equations. Depending on the two-equation &-e
model or Reynolds stress turbulence model used, the mean flow
equations are augmented by additional transport equations of (k
and e) or (u\ uf- and e) where k, e and u\ uf- are the turbulent
kinetic energy, dissipation rate, and Reynolds stress components.
The governing equation written in vector form in the (£, T|) coor-
dinate system can be expressed as

+j(H-Hv)= W (1)

Received Aug. 24,1993; revision received March 11,1994; accepted for
publication March 14, 1994. Copyright © 1994 by the American Institute
of Aeronautics and Astronautics, inc. All rights reserved.

*Graduate Student, Department of Power Mechanical Engineering.
tProfessor, Department of Nuclear Engineering. Member AIAA.



AIAA JOURNAL, VOL. 32, NO. 8: TECHNICAL NOTES 1741

0.8 r
Mach=0.875

Experiment
RSM (140x70, I. C. 1)
ASM/k-e (140x70, I. C. 1)
k-e (140x70, I. C. 1)
RSM (140x70, I. C. 2)
RSM (125x60, L C. 1)

0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5
x/c

Fig. 1 Surface pressure distributions for different turbulent models and inflow conditions, Mj = 0.875.
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Fig. 2 Velocity profiles at various axial stations, M^ = 0.875.

Equation (1) describes two-dimensional flow if y = 0 and axi-
symmetric flow if j= 1, where Q is the vector of dependent vari-
ables. Q = Q/J=J~l{p, pw, pv, e, p&, pe} for both the k-e turbulent
model and the ASM/k-e two-layer model. However, the vector
expands to Q=Q/J=J~l{p, pu, pv, e, pwV, pu'u', pvV,
p w'v/ , pe} if Shima's Reynolds stress model is applied. The vec-
tors of E and F represent corresponding convective fluxes and
contain the convection and pressure terms, but the vectors of Ev
and Fv describe diffusive fluxes. The vectors of H and Hv are
the source terms of convection, diffusion, and turbulent energy
associated with axisymmetric coordinates, whereas W contains

the source term for production, destruction, and redistribution of
turbulent energy. / is the Jacobian, and the perfect gas equation of
state is added to complete the system of equations.

III. Numerical Methods
Additional turbulent equations make the system of governing

equations not only larger but also stiffer and is difficult to solve.
For considerations of numerical accuracy and stability, Marten's
second-order upwind TVD scheme6 was employed to discretize
the convection terms of the mean flow equations and turbulence
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transport equations. Thus the governing equations yield a differ-
ence equation set of nonfactored form as follows:

=BiJ (2)

Equation (2) is a diagonal-dominated block pentadiagonal
matrix system of equations. The unknowns (A0/J were conven-
tionally evaluated by using the block Gauss-Seidel method with
slow convergence. Several variants of biconjugate gradient algo-
rithms with a preconditioner of incomplete lower/upper-factoriza-
tion (ILU) have been tested with success when employed with the
two-equation k-e turbulence model.8 The present study extends the
same numerical method of Bi-CGSTAB7 for both the application
of the ASM/k-e two-layer model and the Reynolds stress model
with larger vectors of B, Ag (9 x 1) and matrices of A, C, D, E,
andF(9x9).

IV. Results and Discussion
Numerical computations have been made for the case of tran-

sonic shock-induced separated flow over an axisymmetric bump, at

a freestream Mach number of 0.875 and a unit Reynolds number of
13.6 x 106/m (Refs. 1 and 9). Two grid systems of 140 x 70 and
125 x 60, clustered near the shock location and the wall with a min-
imum y + of 0.5, are used to test the grid independence. If the ASM/
£-e two-layer model is used, 15 points are set in the inner layer cor-
responding to minimum turbulent Reynolds number (P*fky/v) of
200 to ensure enough resolution in the viscous sublayer. In the flow
direction, the boundaries of the computational domain extend from
— 4C to 4C. Moreover, two inflow turbulent properties of

, , , ,
(£02)L5/0.01 (denoted as I.C.I and I.C.2 in the figures) are applied
to test the influence of inlet conditions. The results show that only
slight difference of mean and turbulent properties are present for
these two inlet conditions and grid systems.

Figure 1 shows a schematic diagram of the bump and the com-
parison of surface pressure distributions. The wall pressure distri-
bution near the shock location is reproduced with good accuracy
by the Reynolds stress model and ASM/k-e two-layer model. The
two-equation k-t model predicts the shock location somewhat
downstream and underestimates the shock-induced interaction
strength. As for the pressure prediction along the recirculating
region downstream of the strong shock-wave/boundary-layer
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Fig. 3 Computed and measured profiles: a) Streamwise turbulent stress profiles and b) Reynolds shear stress profiles at various axial stations,
MI = 0.875.
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interaction, the Reynolds stress model that imposes both the con-
vective and diffusive effects of Reynolds stresses does produce the
best agreement with experimental data among these turbulence
models, although both the Reynolds stress model and algebraic
stress model give similar accuracy in predicting the shock location.

Figure 2 shows the comparisons of the velocity profiles in the
postshock separated region and the recovering zone following
reattachment by various turbulence models. The differences espe-
cially near the wall region show the ability of these models to cap-
ture the separation process. The Reynolds stress model predicts
best the start of separation and the separation process, however,
the broad recirculation bubble also implies the underestimation of
the velocity during flow redevelopment and an insufficient rate of
recovery. The k-e two-equation model reveals an insufficient level
of interaction and thus fails to capture the onset of separation and
gives a smaller recirculation region, but the smaller recirculating
zone gives the "appearing good" agreement of the velocity profiles
with measurement in the redeveloping region. The ASM/k-e model
induces separation earlier than the eddy viscosity model but
slightly later than the Reynolds stress model. Also, the Reynolds
stress model has the greatest sensitivity to the shock, the ASM/k-e
two-layer model exhibits a little less sensitivity to the shock, and
the k-e two-equation model gives the least sensitivity of the bound-
ary layer to the shock.

It is expected that the shock and the velocity gradients in the
separated region can elevate the streamwise turbulent stress by the
contribution of streamwise strain to turbulent production, but the
contribution is somewhat overestimated by these turbulence mod-
els when the computed profiles are compared with measured pro-
files (Fig. 3a). However, the predicted turbulent shear stress distri-
bution at selected streamwise stations agree with measurement in
terms of magnitudes with a little mismatch of peak locations (Fig.
3b). It also shows that both the Reynolds stress model and the
ASM/k-e. two-layer model, which include the anisotropic effects of
turbulent properties, obtain better predictions of the Reynolds
shear stress than the eddy-viscosity, two-equation k-e turbulence
model.

The convergence and stability of the computational method is
another concern of the present study. When the computations were
performed on the CONVEX 3460, the computational efficiencies
for the Reynolds stress model, ASM/k-e model, and k-e model are
4.13 x 1(T4, 3.90 x 1(T4, and 3.67 x 1(T4 CPU s/grid/iteration,
respectively. The L2 residuals can be reduced to 3 x 10~9 after
about 4000 iteration time steps which correspond to a total CPU
time of about 5-6 h. It is noted that the computation is started from
the freestream initial conditions and no prerun or other special
treatment is necessary for initial guess of flowfield. Also, the com-
putations are performed with the higher order closure turbulence
models from the first time step, which is different from other
investigations. Other computations usually start with an algebraic
turbulence model until a nearly converged solution is obtained,
and then continue with the higher order closure turbulence model.

V. Conclusions
Conclusions regarding the present study can be made as follows:
1) The Reynolds stress model has the best performance in pre-

dicting the onset of the separation process, mean velocity profiles,
and turbulent normal and shear stresses in the separated region for
the test case. The Reynolds stress model does predict the mean
flowfield very well but needs further improvement in predicting
turbulent quantities in the regions near the shock or expansion
wave. All three turbulence models underestimate the recovery rate
of mean flowfields in the redeveloping region.

2) The numerical method can perform the computation for
compressible, complex turbulent, separated flow with high accu-
racy and a fast convergence rate.
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Introduction

FOR a plate with a hole subject to uniform tension at its ends,
there will be stress concentration around the hole. Shape

memory alloys and piezoelectric materials can be used as induced
strain elements to reduce stresses in the regions of stress concen-
tration by applying energy, usually electric current. Sensharma et
al.1 showed that when isotropic actuation strains are applied in a
ring centered at the hole, the stresses will not change in the interior
of the ring. They also found numerically that when the actuation
strains are anisotropic, the stresses in the interior of the ring will
change. The objective of this work is to confirm analytically these
results.

General Equations
For an isotropic plate subjected to actuation strains in the radial

e/r and tangential £/e directions, Hooke's law may be written as

(1)
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